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THE Lip-lip EQUALITY IS STABLE UNDER BLOW-UP 


ANDREA SCHIOPPA 


Abstract. We show that at generic points blow-ups/tangents of differentia¬ 
bility spaces are still differentiability spaces; this implies that an analytic con¬ 
dition introduced by Keith as an inequality (and later proved to actually be 
an equality) passes to tangents. As an application, we characterize the p-weak 
gradient on iterated blow-ups of differentiability spaces. 
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1. Introduction 

Background. The study of the geometric and analytic properties of metric spaces 
is a topic which has grown into many different trends, and is probably as old as the 
study of fractal subsets of K" and of Carnot groups. In the last 15 years, a trend 
which has attracted growing interest is the study of metric measure spaces which 
admit an abstract Poincare inequality in the sense of [HK98], and which we will 
call Pl-spaces. 

Intuitively, Pl-spaces allow to formulate notions of first-order calculus, an intu¬ 
ition that was made more precise when [Che99] proved that Pl-spaces satisfy a gen¬ 
eralized version of the classical Rademacher Theorem about the a.e. differentiability 
of real-valued Lipschitz functions. In particular, Cheeger’s result allows to associate 
to a Pl-space (A, p) ^-measurable tangent / cotangent bundles TX / T*X, the fi¬ 
bres of T*X being generated by “differentials” of Lipschitz functions. It is worth 
to point out that Cheeger’s generalization of Rademacher’s Theorem does not put 
TX and T*X on an equal footing, e.g. derivatives are not explicitly constructed 
and are not related to differentiation along Lipschitz curves. Essentially, differen¬ 
tiability is formulated in terms of finite-dimensionality results for certain spaces of 
(asymptotically) harmonic functions. Note that even though this approach might 
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look at first counterintuitive, it fits with the idea that coordinate functions gen¬ 
erate the cotangent bundle of a Riemannian manifold as other functions admit a 
Hrst-order Taylor expansion with respect to the coordinates, and moreover in Rie¬ 
mannian geometry there are important results on hnite-dimensionality of spaces of 
harmonic functions whose proofs share some similarities with Cheeger’s argument 
(see for instance [CM97]). 

Today metric measure spaces which satisfy the conclusion of Cheeger’s Differen¬ 
tiation Theorem are either said to admit a (strong) measurable differentiable struc¬ 
ture [Kei02, Kei04], or to be (Lipschitz) differentiability spaces [Batl2, BatlS]; in 
the following we will use the latter terminology. 

In his PhD thesis, Keith [Kei02, Kei04] introduced a new analytic condition, the 
Lip-lip inequality, and proved that doubling metric measure spaces (X, /r) satisfying 
it are differentiability spaces. It seems that the idea of “generalizing” Cheeger’s 
Differentiation Theorem using a Lip-lip inequality stems from the fact that in PI- 
spaces Cheeger had proven a Lip-lip equality. We use “generalize” to refer to Keith’s 
work because as of today there seem to be no examples of differentiability spaces 
which cannot be partitioned into countable unions of subsets, each of which admits 
a measure-preserving biLipschitz embedding into some PTspace. 

Besides providing a theoretical framework for first-order calculus, the idea of dif¬ 
ferentiating Lipschitz functions has proven useful in the study of metric embeddings 
F : X ^ B where R is a Banach space, in particular when either B has the Radon- 
Nikodym property (i.e. an RNP Banach space) (see for instance[CK09]), or when 
B = (see for instance [CKlOa, CKlOb, CKNll, CK13]). In connection with 
embeddings into RNP-Banach spaces, Cheeger and Kleiner [CK09] showed that if 
(X, fj.) is a Pl-space the fibres of TX are spanned by “tangent vectors” to Lipschitz 
curves. Putting TX and T*X on a complete equal footing has required substantial 
effort: Bate’s beautiful work [Batl2, BatlS] on Alberti representations in differen¬ 
tiability spaces, which was partly motivated by a deep structure theory for measures 
and sets in R" developed by Alberti, Csornyei and Preiss [ACP05, ACPIO], and 
the formulation of metric differentiation for differentiability spaces [CKS15], which 
was partly motivated by unpublished results of Cheeger and Kleiner on metric dif¬ 
ferentiation in Pl-spaces, and unpublished results of mine on prescribing the norms 
on TX and T*X. 

Strikingly, Bate [Batl2, BatlS] was able to show that each differentiability 
space {X, fi) can be partitioned into countably many pieces, each of which is a 
doubling metric measure space admitting a Lip-lip inequality. Later we showed 
[Schl4b, Schl3] that the Lip-lip inequality always self-improves to an equality (see 
also [CKSIS] for another argument); this might be interpreted as saying that the 
Lip-lip equality provides an asymptotically quantitative characterization of differen¬ 
tiability spaces; however, there is a more precise result in terms of the quantitative 
characterization of the local norm for Weaver forms (Theorem 2.29) which will be 
used in this paper. 

In connection with these results, a topic of major interest is trying to under¬ 
stand the infinitesimal structure of differentiability, and even Pl-spaces. It should 
be pointed out that, as of today, the set of known models for the infinitesimal 
geometry of Pl-spaces is rather limited, and is thus hard to come up with “plau¬ 
sible” conjectures. For example, while the results in [CKS15] show structural sim¬ 
ilarities between Pl-spaces and differentiability spaces (e.g. one might conjecture 
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that tangents/blow-ups of differentiability spaces are PI spaces), the examples con¬ 
structed in [Schl5] suggest that there might be differentiability spaces {X, fi) whose 
blow-ups are never Pl-spaces; moreover, this phenomenon might even depend on 
the measure class of /r. While hnishing this paper, we have learned from Bate and Li 
[BL15] that they have studied the class of differentiability spaces for which differen¬ 
tiation of RNP-valued functions (in addition to that of real-valued ones) holds, and 
have characterized them in terms of an “infinitesimal accessibility” condition. One 
possibility is that differentiability implies RNP-differentiability, and then extending 
the results of [CK09] to general differentiability spaces might give a route to answer 
some questions raised in [CKS15]. Another possibility is that differentiability spaces 
are organized in a sort of “hierarchy” depending on which Banach-valued Lipschitz 
maps are differentiable. For instance, the argument in [BL15] uses crucially dif¬ 
ferentiability in the li-sum of a sequence of finite-dimensional spaces {l2S}k where 
Uk oo, and it does not seem clear how one would recover the result in [BL15] 
assuming, say, differentiability of l 2 -valued maps. 


Results. The main result of this paper states that if (A, /i) is a differentiability 
space, then at /r-a.e. x G X any blow-up {Y^, Vx) of (A, /r) is still a differentiability 
space. The precise statement is Theorem 5.1. 

The question of whether blow-ups of differentiability spaces are still differentia¬ 
bility spaces has been around since Keith introduced the Lip-lip inequality. This 
question should be compared with the easier case where (A, /i) is a Pl-space: then 
any blow-up is still a Pl-space. This follows from the stability of the Poincare in¬ 
equality (with uniform constants) under measured Gromov-Hausdorff convergence, 
which can be seen using Keith’s elegant characterization of Pl-spaces in terms of 
moduli of families of curves [KeiOS]. Essentially, the argument reduces to the upper- 
semicontinuity of modulus (which is dual to the lower-semicontinuity of length). 
On the other hand, in the category of differentiability spaces one cannot expect all 
blow-ups to be differentiability spaces. For example, any subset S' C K” of positive 
Lebesgue measure is a differentiability space (restricting the Lebesgue measure), 
but blow-ups are differentiability spaces (explicitly, copies of R" with Lebesgue 
measure) only at generic points. Moreover, at the moment there is no “good geo¬ 
metric” characterization of differentiability spaces that one might pass to the limit; 
one has to work directly with the definition of a differentiability space by showing 
that if at /x-a.e. point x there is some tangent (Kj,, Vx) which is not a differentiabil¬ 
ity space, then (A, /i) is not a differentiability space. This can be done from two 
equivalent points of view: [Batl2, Sec. 4] choosing a candidate chart and producing 
a non-differentiable function for that chart, [SchlS, Sec. 5.3] showing that the space 
of “germs” of Lipschitz functions is infinite-dimensional. 

The methodology that we propose to tackle this problem has two components: 
“lifting” and “gluing”. Lifting means to find a suitable “bad” function gx on a 
blow-up (Vx,iyx), and then lift it to a bad function fx on (A,/r). Unfortunately, fx 
will be bad only at some locations near x and at some scales (which can be small but 
are bounded away from 0); thus it is then necessary to glue several fx’s together. 
It is worth to point out that lifting depends on the structure theory for Weaver 
derivations developed in [Schl4b, Schl3]. In fact, {Yx,Vx) is not a differentiability 
space, but there is still a decent theory (in particular finite-dimensionality) for the 
L°°-modules of Weaver derivations and forms. Another key ingredient in lifting 
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is Preiss’ phenomenon (Theorem 3.18) that shifted rescalings of blow-ups are still 
blow-ups. 

Gluing consists in combining several together. The proposed approach is 
based on the idea of “tile” (see Section 4): for each x one has to produce several 
at several scales converging to 0, and then one applies the Vitali Covering Lemma to 
join the pieces together. Intuitively, we are using measure theory (e.g. the measure- 
theoretic statement that {X, /i) is finite-dimensional) to select the pieces that can 
be glued together; in some sense, the construction can’t be “deterministic” because 
Lipschitz functions are rather rigid and {X, fi) is a generic doubling metric measure 
space. 

We mention some further directions of research. We are able to show that for 
iterated blow-ups of differentiability spaces the analytic dimension does not in¬ 
crease (see Lemma 5.59). It seems plausible to conjecture that one does not need 
to take iterated blow-ups: at the moment we are able to prove this only under 
additional assumptions on (W, fj,) (e.g. when (W, fj,) biLipschitz embedds in Carnot 
groups or “nice” Banach spaces), and thus do not include these partial results here. 
Essentially, there seems to be a technical obstacle in directly applying the “lift¬ 
ing” method in the form proposed here. This question is also related to wheteher 
the results in [CK09] extend to general differentiability spaces, and on Lusin-like 
properties for Weaver derivations that will be discussed elsewhere. 

As an application, we obtain a characterization of the p-weak gradient of a 
Lipschitz function / on regular differentiability spaces (Definition 5.57) which arise 
as iterated blow-ups of differentiability spaces. 

This is related to another trend in analysis on metric spaces, where people have 
tried to formulate generalizations of Sobolev/BV spaces and gradients. One possible 
approach starts with the idea [HK98] of an upper gradient for a function /, which 
is essentially an upper bound on the norm of “what the gradient of / should be”. 
Then there have been several proposals for “what the norm of the gradient should 
be”: a variational one due to [Che99], one motivated by quasiconformal geometry 
and moduli of curves due to Koskela, MacManus and Shanmugalingam [KM98, 
ShaOO], and two motivated by optimal transport due to Ambrosio, Gigli and Savare 
[AGS13]. Optimal transport allows to show [AGSI3] that all these approaches 
are equal under mild assumptions on (X,/r), e.g. assuming X to be complete and 
separable, and to be finite on bounded sets. In this paper we work with the 
p-weak gradient of [AGSI3] because it is easier to relate to the existence of Alberti 
representations using the notion of test plan. 

Asking for a characterization of the p-weak gradient on differentiability spaces 
is not a good question because positive measure subsets of differentiability spaces 
are still differentiability spaces, making the notion of p-weak gradient often vacuous 
(e.g. considering a Vitali-Cantor set). However, an interesting question is to ask for 
a characterization of the p-weak gradient on blow-ups of differentiability spaces. We 
show (Theorem 5.63) that for regular differentiability spaces the p-weak gradient 
of a Lipschitz function / coincides with the asymptotic Lipschitz constant, and is 
hence independent of the exponent p: this generalizes a previous result [Che99] for 
Pl-spaces. Note however, that for Pl-spaces the p-weak gradient coincides with the 
asymptotic Lipschitz constant only if p belongs to the range of exponents for which 
the Poincare inequality holds: this has been shown by recent examples [DS15]. This 
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is not the case for regular differentiability spaces: the p-weak gradient does not de¬ 
pend on p. One can explain the examples [DS15] in terms of putting “bad weights” 
on the lines corresponding to Alberti representations, but these bad weights become 
again “nice” by passing to tangent measures. We point out that Theorem 5.63 has 
an analogue in the BV category, see Remark 5.79 (see [ADM14] for extensions of 
[AGS13] to the BV category). 

As a historical note, we point out that the notion of regular differentiability 
space refines and generalizes the notion of generalized Minkowski space in [Che99, 
Sec. 11]. 

Organization. In Section 2 we discuss background material on Weaver deriva¬ 
tions, Alberti representations, my PhD thesis, differentiability spaces and the p- 
weak gradient. The presentation is a bit brisk, so we invite the interested reader to 
consult the references therein. 

In Section 3 we first discuss (subsection 3.1) variants of Gromov-Hausdorff con¬ 
vergence, the purpose being mainly to establish some terminology. The substantial 
result from this subsection that we will use is the aforementioned Preiss’ phenom¬ 
enon, Theorem 3.18 [Pre87, LDll, GMR15]. We then move on (subsection 3.2) to 
explain how rescalings affect the modules of derivations and forms. We conclude 
this section with a generalization of a result [CKS15, Sec. 7] to the category of 
Weaver derivations. We point out that this result to blow-up Weaver derivations 
has other applications, e.g. to the infinitesimal structure of metric currents in M", 
that will be discussed elsewhere. 

Section 4 contains our proposal to implement the “gluing” part of the argument; 
this is more general than what we really use here, because we end up working 
with “cubical” tiles [Chr90, HK12]. Using other geometries for tiles might lead 
to a better understanding of the geometry of blow-ups; for example, Preiss and 
I discussed sometime ago what are essentially “long cylindrical” tiles to exclude 
factorizations of the form Y x R" in blow-ups of differentiability spaces. 

In subsection 5.1 it is shown that generic blow-ups of differentiability spaces 
are still differentiability spaces by proving the contrapositive statement; the first 6 
steps of Theorem 5.1 correspond to “lifting”. Subsection 5.2 discusses the charac¬ 
terization of the p-weak gradient on regular differentiability spaces; the key step is 
Lemma 5.49 which associates test plans to “nice” Alberti representations. 

Notational conventions. We use the convention a « 5 to say that ajh.hja € 
[C~^,C] where C is a universal constant; when we want to highlight C we write 
a Rric b. We similarly use notations like a < 6 and a b. 

Acknowledgements. This work would have not been possible without the many 
conversations that I had with David Preiss, who generously invited me to visit the 
University of Warwick; I also wish to thank the people in the analysis group, in 
particular Daniel Seco, for the hospitality I received. 

I also thank the anonymous referee for reading the manuscript very carefully 
and for pointing out an issue with the way measures were normalized in the first 
version of the preprint. 
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2.1. Weaver derivations. For more information we refer the reader to [WeaOO]. 
An A°°(/i)-module M is a Banach space M which is also an (/r)-module and 
such that for all (m, A) € M x one has: 

(2.1) \\Xm\\M < ||A||loo(^) \\m\\M- 

Among L°“(/r)-modules a special role is played by L°“(/r)-normed modules: 

Definition 2.2 (Normed modules). An (/r)-module M is said to be an L°°{fi)- 
normed module if there is a map 

(2.3) \-\Mjoc:M^L^{fi) 
such that: 

(1) For each m € M one has |m|M,ioc > 0; 

(2) For all ci,C 2 G M and mi,m 2 G M one has: 

(2.4) |ciTOi + C 2 m 2 |M,loc < |ci||toi|mJoc + |c 2 ||to 2 |m, 1 oc; 

(3) For each A G L°°(^) and each m G M, one has: 

(2.5) |A7tz|7\^ ioc — |A| |m|^ [ 0 C 5 

(4) The local seminorm | • |m, 1 oc can be used to reconstruct the norm of any 
m G M: 

( 2 . 6 ) ||to||m = II |m|M,ioc |U-(;i)- 

Definition 2.7 (Weaver derivation). A derivation D : Lip| 3 (A) L°°{fj,) is a 
weak* continuous, bounded linear map satisfying the product rule: 

(2.8) D{fg) = fDg + gDf. 

Note that the product rule implies that Df = 0 if / is constant. The collection 
of all derivations X(/r) is an (/r)-normed module [WeaOO, Thm. 2] and the cor¬ 
responding local norm will be denoted by | • loc- Note also that X(/r) depends 
only on the measure class of g,. 

Remark 2.9. Consider a Borel set U C X and a derivation D G X(^Lt/). The 
derivation D can be also regarded as an element of X(/r) by extending Df to be 0 
on X\U. In particular, the module X{g\_U) can be naturally identified with the 
submodule X[/X(/x) of X{g). 

Derivations are local in the following sense [WeaOO, Lem. 27]): 

Lemma 2.10 (Locality of Derivations). IfU is g-measurable and if f,g G Lip)^(W) 
agree on U, then for each D G X(/i), xuDf = XuDg- 

Note that locality allows to extend the action of derivations on Lipschitz func¬ 
tions so that if / G Lip(A) and D G X(^), Df is well-defined (see Remark 2.115 in 
[Schl3]). We now pass to consider some algebraic properties of X{g). 

In general, even if the module X(/r) is finitely generated, it is not free. Neverthe¬ 
less, it is possible to obtain a decomposition into free modules over smaller rings 
[WeaOO, SchI4c] : 

Theorem 2.11 (Free Decomposition). Suppose that the module X(/x) is finitely 
generated with N generators. Then there is a Borel partition X = IJ.^q Xi such 
that, if g{Xi) > 0, then X(/iLAi) is free of rank i as an Xi)-module. A 

basis of ‘X{g\- Xi) will be called a local basis of derivations. 
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Remark 2.12. In particular, Theorem 2.11 can be applied if one knows an upper 
bound on the index of X(^) which is defined as follow: 

(2.13) index of X(^) = sup{n S N : 3U Borel: X(^lC/) contains n-independent 

elements (over L°“(^l{7)) }. 

In many applications in analysis on metric spaces the assumption that X(/r) has 
finite index (and is hence finitely generated) is not restrictive: for example it holds 
if either fi oy X are doubling (see Corollary 5.136 in [Schl3]). 

We now recall the notion of 1-forms which are dual to derivations. 

Definition 2.14. The module of 1-forms £(/j,) is the dual module of X(/r), i.e. it 
consists of the bounded module homomorphisms X(/r) The module £(^) 

is an L°“(^)-normed module and the local norm will be denoted by | • |£(^) loc- 
To each / S Lip, 5 (X) one can associate the 1-form df € £.{fj,) by letting: 

(2.15) {df,D)=Df (VDeX(M)); 

the map d : Lip| 3 (X) —> £(/r) is a weak* continuous 1-Lipschitz linear map satisfying 
the product rule d{fg) = gdf + fdg. 

Note that because of Lemma 2.10 one can extend the domain of d to Lip(X) 
so that if / is Lipschitz, df is a well-defined element of £(/i) and ||d/||e(^) < L(/), 
where L(/) denotes the global Lipschitz constant of /. 

2.2. Alberti representations. Alberti representations (without this name) were 
introduced in [Alb93]; we invite the reader to consult [Batl5, Schl3, CKS15] for 
more information. 

Definition 2.16 (Fragments and Curves). A fragment in A is a Lipschitz map 
7 : C —>■ A, where C C M is closed. The set of fragments in A will be denoted by 
Frag(A). We now discuss the topology on Frag(A); let F{R x A) denote the set 
of closed subsets of K x A with the Fell topology [Kec95, (12.7)] ; we recall that a 
basis of the Fell topology consists those sets of the form: 

(2.17) {F e F{R X A) : F n A = 0, F n I/i 7 ^ 0 for f = 1,..., n} , 

where A is a compact subset of K x A, and is a finite collection of open 

subsets of R X A. Each fragment 7 can be identihed with an element of F(]R x A) 
and thus Frag(A) will be topologized as a subset of F(Kx A). We will use fragments 
to parametrize 1-rectifiable subsets of A. 

An important subset of Frag(A) consists of the Lipschitz curves Curves(A), 
which is the set of those 7 G Frag(A) whose domain is a (possibly unbounded) 
closed subinterval of R. Given an interval / C [0,1] we denote by Curves(A,/) C 
Curves(A) the set of those 7 G Curves(A) whose domain is contained in I. 

Definition 2.18 (Alberti representations). Let ^ be a Radon measure on A. An 
Alberti representation of ^ is a pair A = [Q,u>] where Q is a Radon measure 
on Frag(A) and w a Borel function w : A [0, 00 ) such that: 

(2.19) d‘= w • 7^(£^ L dom7) c?Q(7), 

dFragCX) 

where the integral is interpreted in the weak* sense. We say that A is C-Lipschitz 
(resp. [C, F)]-biLipschitz) if Q is concentrated on the set of C-Lipschitz (resp. [C, D]- 
biLipschitz) fragments. 
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Definition 2.20 (Speed of fragments). Let 7 G Frag(X); then for £^-a.e. t G domj 
the limit: 


( 2 . 21 ) 


lim 

dom 


\t' - t\ 


exists, is denoted by md 7 (t) and is called the metric differential of 7 at t. 


Definition 2.22 (Speed of Alberti representations). Let A = \Q:W\ be an Alberti 
representation, and let cr : AT [0, 00 ) be a Borel function and f : X ^ M. he a 
Lipschitz function. We say that A has /-speed > cr (resp. < cr) if for Q-a.e. 7 one 
has that for £^-a.e. t G dom 7 : 

(2.23) (f oj)'(t) > a(j(t))md'y(t) (resp. < cr( 7 (t)) md 7 ( 1 )). 


2.3. The correspondence between derivations and Alberti representa¬ 
tions. We invite the reader to consult [Schl4b, Schl3] for more information. The 
following definition follows from Theorem 3.11 in [Schl3]. 

Definition 2.24 (Derivation associated to an Alberti representation). Let A = 
[Q, w] be a C-Lipschitz Alberti representation of a measure ly n; then the formula: 

(2.25) [ gDAfdiy=f dQ{'Y)[ {wg) o o j)'(t) dt 

Jx «/Frag(X) Jdom^ 

(V(5,/)GC,(A)xLipb(A)) 

defines a derivation Dj^ G X{v) C X(p) with ||D^||x(^) < C. 

The following theorem summarizes some results in [Schl4b, Schl3] that we will 
use. 


Theorem 2.26 (Correspondence between derivations and representations). Let g 
be a Radon measure on a complete separable metric measure space (X, g). Then: 

(IndBound): If a or X are doublinq (with constant C), then the index of 
X(p) is < [logaCJ; 

(Surj): If X(p) is finitely generated with N generators, then for each e > 0 
and each D G X(/i) there is an {1 + e)N\\D\\x(fi)-Lipschitz Alberti represen¬ 
tation A of a measure v g such that = D; 

(WDens) : In general the set of derivations of the form is weak* dense 
in X(/i) in the sense that, given any D G for all e > 0, for each 

A G L^(/j) and for each finite set of Lipschitz functions {gdi^i one can 
find an Alberti representation A of g such that: 


(2.27) 


k 


|A| > \Dgi - DAQil dg < 


fx 


2=1 


€. 


Recall that a sequence {/n} C Lipb(X) converges to f G Lipb(X) in the weak* 

w* 

topology {fn —>■ /) if /ra —t / pointwise and sup„ L(/„) < 00 . This result is a 
functional-analytic interpretation of constructions in [ACP05, ACPIO, Batl2], that 
was obtained in [Schl4b, Schl3]; to obtain the optimal constants we were greatly 
helped by Andrea Marchese’s PhD thesis. 


Theorem 2.28 (Approximation Scheme). Let K C X be compact and assume that 
fi\_ K does not admit an Alberti representation with f-speed > 5. Then there is 
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a sequence ^ / such that each is max(L(/),(5)-Lzpsc/iite and, for each k, 
there is an open set D K such that for each ball B C the restriction gk\B is 
5-Lipschitz. 

This result [Schl4b, Schl3, Sec. 3.3] characterizes the local norm on the Weaver 
cotangent bundle. 

Theorem 2.29 (Characterization of the local norm). Let K G X be compact, 
/ : X —^ R Lipschitz and e > 0. Then /rL/C admits a (1,1 + e)-biLipschitz Alberti 
representation with f-speed > — e. 

2.4. Differentiability spaces. We start with a brief review of differentiability 
spaces. For more details we refer to the original papers [Che99, Kei02, Kei04] or to 
the expository paper [KMllj. This structure has several names in the literature: 
(strong) measurable differentiabile structure, differentiable structure (in the sense 
of Cheeger and Keith), Lipschitz differentiability space, differentiability space. We 
highlight the features of differentiability spaces; contrary to some earlier papers, we 
do not assume a uniform bound on the dimension of the charts. 

(1) There is a countable collection of charts {{Ua, 4>a)}a, where C X is Borel 
and (fa is Lipschitz, such that X \ {UaUa) is /i-null, and each real-valued 
Lipschitz function / admits a first order Taylor expansion with respect to 
the components of (/jq, : X —>■ ]R^“ at generic points of Ua, i.e. there are 
(a.e. unique) measurable functions on Ua such that: 


(2.30) f{x) = f{xo) + ^^-^{xo) {(fa{x) - (faixo)) -^o{d{x,xo)) 

(for /i-a.e. xq € Ua)- 

The integer Na is the dimension of the chart {(Ua, (f>a)}a, and depends 
only on the set Ua, not on the particular choice of the coordinate functions 
(fa- If sup„ X„ < oo, it is called the differentiability or the analytic 
dimension. Since in this paper we are interested in the blow-ups of differ¬ 
entiability spaces, we can assume that there is a unique chart that covers 
all the space. 

(2) There are measurable cotangent and tangent bundles T*X and TX; how¬ 
ever, we will work with X(/i) and L{pl). By the result of [Schl3, Schl4b] 
X(/r) can be identified with the set of bounded measurable sections of TX 
and £(tf) with the set of bounded measurable sections of T*X. Having 
locally trivialized T*X and TX, forms in T*X correspond to differentials 
of Lipschitz functions, and vectors in TX give rise to examples of Weaver 
derivations in X(/r). 

Definition 2.31 (Variation and pointwise Lipschitz constants). For / G Lip(X) 
we define the variation Varf(x,r) at x at scale r, the big-Lip constant Lip/ 


10 


ANDREA SCHIOPPA 


at X and the small-lip constant lip/ at x as follows: 


(2.32) 

Va,rf{x,r) = - sup |/(y) - 


^ yGB{x,r) 

(2.33) 

Lipf{x) = limsup Var/(x, r) 


o 

/ 

(2.34) 

lip/(x) = liminf Var/(x, r). 

r\0 


A metric measure space (X, satisfies Keith’s Lip-lip inequality with constant 
AT > 1 if for each / Lipschitz one has: 

(2.35) Lip/ < ATlip/ /i-a.e. 

Theorem 2.36 (Summary of results on differentiability spaces). This list summa¬ 
rizes relevant results on differentiability spaces: 

(Cheeger): [Che99]; if is a doubling metric measure space which ad¬ 

mits an abstract Poincare inequality in the sense of Heinonen-Koskela [HK98] 
then (X, /r) is a differentiability space whose analytic dimension is bounded 
by an expression that depends only on the doubling constant of p, and 
the constants that appear in the Poincare inequality. Moreover, (2.35) holds 
with K = 1; 

(Keith): [Kei02, Kei04]; if (X, p) is a doubling metric measure space which 
satisfies the Lip-lip inequality (2.35), then {X,ff) is a differentiability space 
whose analytic dimension is bounded by an expression that depends only 
on Cfi and K. Moreover [Kei03], the Poincare inequality is stable under 
measured Gromov-Hausdorff convergence provided all the relevant constants 
are uniformly bounded; for example, blow-ups of PTspaees are PTspaces 
(with the same PI-exponent); 

(Bate—Speight): [BS13]; if{X, ff) is a differentiability space then p, is asymp¬ 
totically doubling in the sense that for pL-a.e. x there are {Cx,rx) € (0,oo)^ 
such that: 


(2.37) /i {B{x, 2r)) < CxfJ- {B{x, r)) (r < r^,); 

moreover, porous sets are pi-null. In the following, to simplify the exposi¬ 
tion, we will thus assume that differentiability spaces are doubling metric 
measure spaces. 

(Bate): [Batl2, Batl5]; if{X,pi) is a differentiability space, pi admits many 
independent Alberti representations generalizing some of the results in M.^ 
of [ACP05, ACPIO]. Moreover, (2.35) holds where now K is a Borel func¬ 
tion that depends only on X; 

(Schioppa): [Schl4b, Schl3]; in a differentiability space (2.35) always holds 
with K = 1. Moreover, (X, pi) is a differentiability space if and only if for 
each Lipschitz function f: 

(2.38) Lip/ = |d/|£(^) (pi-a.e.), 

and (2.38) already encodes the condition that pL is asymptotically doubling. 
We will refer to (2.38) as the quantitative characterization of differen¬ 
tiability spaces. 
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As a historical note, we point out that an earlier result (where one loses the optimal 
Pl-exponent) on the stability of the Poincare inequality under measured Gromov- 
Hausdorff convergence can be found in [Che99, Sec.9]. 


2.5. The p-weak gradient. We recommend as a reference [ACM12] besides [AGS13]. 

Definition 2.39 (Absolutely continuous curves). Let I be either a nondegenerate 
interval of K. of the form [a, 6 ], (—oo, a] or [a, oo), or the whole M. A curve 7 : / —)• X 
is absolutely continuous if there is a. g € L^{C^ L domy) such that for each 
t,s G domy with t > s one has: 

(2.40) d(y(t),y(s)) < f g{T)dT. 

J s 

Recall that if y : domy —> X is absolutely continuous there is a minimal g sat¬ 
isfying (2.40) which coincides L domy-a.e. with the metric differential mdy as 
defined in (2.21). Let p G [l,oo) and y be an absolutely continuous curve; then y 
is of class AG^ if: 


(2.41) / (mdy(f))^ dt < 00 . 

J dom 7 

The limit case p = 00 corresponds to y being Lipschitz. The set of curves of class 
AG^ and with domain [0,1] will be denoted by AC^(X; [0,1]). 

Definition 2.42 (Test plan). Let (X, p) be a metric measure space and p G [1, 00 ]; 
a probability measure on AC^(X; [0,1]) is called a p-test plan provided that: 

(2.43) f (i 7 r(y) f (mdy(t))^ dt < 00 

./acj’(X;[o.i]) Jo 

(2.44) Evt^TT < C{tt)p (Vt S [0,1]) 


for some constant where Evj denotes the evaluation map: 


(2.45) 


Evt : AG7X; [0,1]) ^ X 
7 


Definition 2.46 (p-weak gradients). Let (X, p) be a metric measure space, / : 
X —M and p : X ^ [0, 00 ] Borel. Let p € (1, 00 ) and q denote the dual exponent 
. The function p is a p-weak npper gradient of / if for each p-test plan tt 

(2.47) l/(7(l)) -/(7(0))| < / poymdy(t)dt 

Jo 

holds TT-a.s. 

Assuming that / has a p-weak upper gradient po such that the measure /iL{po > 
0} is (T-finite, then the set of p-weak upper gradients of / contains a minimal 
element, the p-weak gradient of /, such that: 

(2.48) < p (p-a.e.) 
for each p-weak upper gradient p of /. 
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3. Blow-up of Weaver Derivations 


3.1. Variants of Gromov-Hausdorff convergence. We discuss some variants of 
Gromov-Hausdorff convergence (GH for short). Throughout this subsection metric 
spaces are assumed to be complete. 


Definition 3.1 (GH-convergence). The GH-convergence of a sequence of pointed 
GH 

metric spaces - y {Y,q) is equivalent to the existence of a pointed metric 

space {Z, z), which we will call a container, and isometric embeddings: 


(3.2) 


I'Ti ■ Xn —^ Z 

ioo ■ Y ^ Z 


such that: 

(GHl): f'n{pn) ^ ^oo(^)5 one can even arrange Ln{pn) — 

(GH2): for each i? > 0, one has: 

lim sup dist (t„ (X„), {y}) = 0, 
lim sup dist {i {Y), {?/}) = 0. 

In the following we will often suppress and too from the notation, just implying 
Xn,Y C Z. Note that each y GY can be “approximated” by a sequence Xn G 
such that in{xn) —>■ ioo[y) in Z. This notion is actually independent of the container 
(Z, z), and one can represent each point y gY hy some sequence Xn G V„. 


Definition 3.4 (mGH-convergence). We say that a pointed metric measure space 
(X,/j,,p) is measure-normalized if ^^^(1 — d{p,x)) dp{x) = 1. The measured 
GH-convergence (mGH for short) of a sequence of measure-normalized pointed met¬ 
ric measure spaces (V„, PmPn) {Y, v, q) is equivalent to requiring (V„,p„) 

(y, q), and that for each container {Z,z)-. 


(3.5) 


1 / (i.e. 


s#^)- 


Definition 3.6 (mfGH-convergence). A function space is a tuple (A, /i,p, $) 
where {X,p,,p) is a normalized pointed metric measure space, and $ is an at most 
countable collection of real-valued 1-Lipschitz functions on X which vanish at p. 
We say that: 

(3.7) (A„,^„,p„,$„) (y,i/,g,4') 

in the mfGH-sense if: 

(mfGHl): (A„, ^„,p„) G ?); 


(mfGH2): and T have eventually the same cardinality; 

(mfGH3): Let ipn,k denote the fc-th element of <1>„ and ipk the fc-th element 
of IE'; then whenever Xn represents y, Pn,k{xn) i’kiv)- 

Remark 3.8. Let (A„, $„) {Y,i/,q,'^) in the container {Z,z). By 

replacing Z with Z xM. and slightly shifting basepoints we may assume: 

Xn n Xm = 0 (riy^m) 

YnXn = $ (Vn). 


(3.9) 
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Then we might try to define ^pz,k = ^Pn,k on Xn and ipz,k = ipk on Y. This yields 
a continuous function on IJ^ Xn U Y which one might extend to Z. However, fix 
i? > 0; then (pz,k\B{z, R) is almost 1-Lipschitz up to additive errors that depend 
on the Hausdorff-distance between n B{z, R) and Y n B{z, R). By replacing Z 
with Z X R, passing to a subsequence and shifting basepoints, one can verify the 
following lemma. 

Lemma 3.10. Let (T, u, g, dt) in the container (Z,z). Up 

to passing to a subsequenee and taking a new container of the form {Z x R, (zjO)), 
one can assume that for each k < there is a 1-Lipschitz function ipz,k : ^ R 

such that: 

( 1 ) = ifki 

( 2 ) for each R > 0, k < ff'lt, there is an N{R,k) such that, if n > N{R,k), 
one has: 


(3.11) (pz,k\B{z,R)riXn = (Pn,k- 

For A > 0 and a metric space X, we denote by XX the metric space where 
the metric on X has been rescaled by A, i.e. d\x = Xdx- Let $ be a countable 
collection of 1-Lipschitz functions on X and p G X. Then we denote by the 
collection of 1-Lipschitz functions on XX given by: 

(3.12) $A,p = {A (v? - (^(p)) : e $} . 

Definition 3.13 (Blow-ups). A blow-up of A at a point p is a pointed metric 
space {Y, q) such that for some sequence A„ ^ oo: 

(3.14) {Xn,Pn) = iXnX,p)^{Y,q)- 

in this case we say that (Y, q) is realized by the sequence of rescalings {A„}. The 
set of blow-ups of A at p will be denoted by Bw-up(A,p). 

Let (A, p) be a metric measure space, p G A a basepoint and A > 0 a dilating 
factor; we define the normalization constant Cp(p, A) for the unit ball of AA centred 
at p as follows: 

(3.15) Cp(p,A)=(/' {1 - Xdx{p,x))dfi{x) 

\d 

Note that in (3.15) we used the subscript A to highlight that balls are taken with 
respect to the metric dx of A. A blow-up of (A, p) at a point p is a measure- 
normalized pointed metric space (Y, u, q) such that for some sequence Xn oo: 

(3.16) {Xn,pin,Pn) = {XnX, C^{p, Xn) fJ-, P) iY,l^,q); 

in this case we say that {Y,v,q) is realized by the sequence of rescalings {A„}. 
The set of blow-ups of A at p will be denoted by Bw-up(A, p,p). 

A blow-up of (A, p, $) at a point p is a function space (Y, u, g, di) such that for 
some sequence Xn oo: 

(3.17) (A„,p„,p„,$„) = (A„A, c^(p, A„)p, ,p, $A„.p) (Y, z/,g, 4'); 

in this case we say that (Y, v, g, 4^) is realized by the sequence of rescalings {A„}. 
The set of blow-ups of A at p will be denoted by Bw-up(A, p,p, 4>). 
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The following theorem summarizes variants in the metric setting of Preiss’ phe¬ 
nomenon that tangents of tangents are tangents [Pre87]; (1) is due to [LDll], (2) to 
[GMR15]; the proof of (3) is omitted as can be easily reconstructed from [GMR15]. 
It is clear that (3) can be generalized in further directions, e.g. in the context of 
blowing-up pseudodistances. 

Theorem 3.18. (Shifted rescalings of blow-ups are blow-ups) Let be a dou¬ 

bling metric measure space and a countable collection of 1-Lipschitz functions on 
X. Then for p-a.e. p G X the following holds: 

(1) For each {Y,q) £ Bw-up(X,p), for any (A,g') £ (0, oo) x Y one has 
{\Y,q') £ Bw-up(X,p); in particular, Bw-up(Y,g') C Bw-up(X,p); 

(2) For each {Y,v,q) £ Bw-up(X,/i,p), for any (A, g') £ (0, oo) x Y one 
has {\Y,Cu{q',X) v,q') £ Bw-up(X, in particular, Bw-up(y, z/, g') C 
Bw-up(X,/r,p); 

(3) For each (y,z/, g, T) £ Bw-up(X,/x,p, $), for any (A, g') £ (0,oo) x Y 
one has {XY,c,^{q', X) v,q'),q' £ Bw-up(Af, p,,p, <!>); in particular, 
Bw-up(r,z/,g',^') C Bw-up(X,^,p,$); 

3.2. Blow-up of Weaver derivations and weak convergence for normal 
currents. In this subsection we analyze how rescalings affect the modules T(/i) 
and £(/r). When we want to highlight an object that refers to the rescaled space 
XX (resp. the original space X), we add XX (resp. X) to the notations. Recall that 
in this paper we use the notation L(/) for the global Lipschitz constant of /. We 
then sketch the details of how to use a result in [GKS15, Sec. 7] to blow-up Weaver 
derivations. The following lemma is elementary and the proof is omitted. 


Lemma 3.19. Let X be a metric space, A > 0 and f a real-valued Lipschitz function 
defined on X. Then Lx(/) = C if and only z/Lax(A/) = C, and Lx(A~^/) = C 
if and only z/Lax(/) = C. 


Definition 3.20 (Rescaling of an Alberti representation). Let A = [Q, rr] be an Al¬ 
berti representation of the measure /r on A; let A > 0 and define Res^ : Frag(A) — 
Frag(AA) as follows: 

dom(ResA( 7 )) = Adorn 7 

ResA(7)(i) = 7(VA)- 


Let p & X and define ResA,p : Frag(A) —>■ Frag(AA) as follows: 

dom (ResA,p( 7 )) = A(dom 7 — s-y^p) 
ResA.p(7)(i) = 7(VA + S7,p), 


(3.22) 


where s-y_p is such that: 

(3.23) d{j{sj^p),p) = rnin d{-/{t),p). 

t^dom 7 

Note that a measurable choice of ResA,p can be obtained via a measurable selection 
principle. The rescalings A\ and Aa,p are defined as follows: 

Aa = [ResA #Q, w] 

(3.24) 

Ax.p — [RasA,p uz]. 

Note that if A is [Cq, DoJ-biLipschitz on X, then A\ and A\^p are [Cq, Do]-biLipschitz 
on AA. 
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Lemma 3.25. Let f € Lipj,(X); then 


(3.26) 


A-i 




£(m;a:) 




£{tJ.-,XX) ' 


Proof. Assume that > a on a set S. Fix e > 0; then by Theorem 2.29 

one can find a (1,1 + e)-biLipschitz Alberti representation As of /iLS” with /-speed 
> a — £. This means that for Q-a.e. 7 and L dom 7 -a.e. t one has: 

(3.27) (/o 7 )'(t) > (a-e). 

Now the rescaled representation As, a gives a (1,1 -|- e)-biLipschitz (wrt. the metric 
on AX) Alberti-representation of L S' with a lower bound on the /-speed, that 
can be obtained using: 

(/ o ResA(7))'(i) = ^ (/(7(V-^))) 

= A“^(/o 7 )'(t/A) > A“^(q; — e) 

> A“^(l -I- £)~^{a — e) mdResA(7)(t), 


where the metric differential ResA( 7 )(t) is computed with respect to the metric on 
AX. Thus: 


(3.29) 




£ifi-,XX) 


> A ^Qf 


/x-a.e. on S. 


□ 


Theorem 3.30 (Blow-up of Weaver derivations). Let (X,/i) be a complete sepa¬ 
rable doubling metric measure space where p, is an asymptotically doubling Radon 
measure. Let ^ he a countable collection of real-valued 1-Lipschitz functions on 
X. Let D € X) be of the form D = where A is a [Cq, Df\-hiLipschitz 
Alberti representation of /i. Then there is a fi-full measure Borel set Xbiow such 
that for each p S Xbiow and each (Y, u, g, ip) G Bw-up(X,$) one can blow-up 
D as follows. Assume that (Y, u, q, di) is realized by some sequence of rescalings 
{An}n and let An = Aa„,p and !)*■") = be the corresponding derivation in 

X(/i„;X„). Then there is an Alberti representation Aoo = [Qooil] of v such that, 
defining the following holds: 

(Bw-upl): sptQoo consists of lines in Y with constant speed in [Co,Dq\; 
(Bw-up2): For each tp G ^ and 7 in spt Qoo there is a c^p^j G [—1,1] such 
that, if Ip Gdenotes the corresponding blow-up of p: 

(3.31) [ip o"f)'{t) = Cp,^^ui(l^{t) (Vt e M); 

(Bw-up3): Suppose that (X„, <1>a„,x) (Y, u, y, 4') in the con¬ 

tainer [Z,z); then up to passing to a subsequence (which might depend on 
the container) one can assume that for each {g,f) G Cc{Z) x Lipb(Y) one 
has: 

= I gD^^^fdix. 

Remark 3.33. The statement (3.32) has a cleaner interpretation in the language of 
metric currents [Schl4a]: the metric currents: 

Tn{g,f) = I gD^'^^fdpr, 


(3.32) 


lim 

n—¥oo 


gD^^^fdp„ 


( 3 . 34 ) 
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are converging to the normal current: 


(3.35) 


n9j) = I 


gD^^^fdy 


in the weak topology. 

Remark 3.36. One can also remove from Theorem 3.30 the assumption that X is 
doubling. In that case one has to replace X by an appropriate full-measure Borel 
X d X and blow-up X. However, note that if porous sets are not /r-null, there 
will be a set of positive measure where X and X do not have the same blow-ups 
(e.g. it might happen that one cannot apply Gromov’s compactness Theorem to 
X). However, if one uses ultrafilters, one can show that if (T, y) is a blow-up of X 
at X G X, then there is a blow-up {Y ,v,y) of {X,y\_X) at x such that Y dY. 

Proof. The proof can be reconstructed from the argument in [CKS15, Sec. 7] where 
the result is stated in a less general context: {X, y) is a differentiability space and $ 
is a finite set of Lipschitz functions. The only item that requires further justification 
is (Bw-up3). We highlight the additional arguments; we will refer to the notation 
and setting in [CKS15, Sec. 7]; in particular, r„ = and for 7 G Frag(X) we 
define: 


'^(7) = 7 j(£^ L dom7). 


(3.37) 


However note that we are using a convention to normalize the measures different 
from that in [CKS15], where measures are rescaled to give unit mass to the open 
unit ball. This essentially amounts to replacing some terms in [CKS15, Sec. 7] of the 
form y'{B(x,r)) with l/c^/(x, r“^), see the following discussion for more details. 
In [CKSI5, Sec. 7] we have performed some preliminary steps: 

(PSl): li A = [Q,w], instead of working with y, we work with the measure 
y' corresponding to the Alberti representation A = [Q, 1]. This can be 
done as y is asymptotically doubling and as is not affected on the set 
where w 7 ^ 0 ; 

(PS2): For 7 G spt Q we have split 'I'( 7 ) in a regular part 'I'pAR(e,s) ( 7 ) and an 
irregular part ^par(£S)( 7) (compare equation (7.34) in [CKSI5, Sec. 7]). 
There are straightforward modifications for the regularity requirements to 
handle a countable collection $; here e and S play the role of parameters 
selecting {S) how long 7 is, and (e) how close 7 is to a constant speed 
segment on which the first [S'] elements of $ are close to affine maps; 

(PS3): We have chosen an 1^-sequence {Sm} C (0, cx)) and used (Lemma 7.35 
in [CKSI5, Sec. 7]) measure-differentiation to find a Borel set U and scales 
Sm < Sm such that: 


00 


giX \U)<Y,Sm 


(3.38) 



where 


(3.39) 
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Note that the second equation in (3.38) differs from the corresponding one 
in Lemma 7.35 of [CKS15, Sec. 7], as we have replaced {B{x,r)) with 
r“^). This is possible as is asymptotically doubling and the 
function 1 — r~^d{-,x) has value at least ^ on B{x,r/2); this also implies 
that for each fixed i?o > 1 one can find C{Ro) such that c^'(x, r~^) <c(Ro) 
c^'ix, we will not insist on this point any further; 

(PS4): We take x € U and, up to enlarging {Z, z), we assume that {Z, z) is 
a Banach space. 


We now hx Rq large enough so that, given {g,f) € Cc{Z) x Lipj,(Z), sptg C 
B{z,Rq). As |Z)x„/| < .DoL(/), we conclude from equation (7.55) in [CKS15, 
Sec. 7] that: 

(3.40) 


'(P, Tn 


■'/ 


BXn 


9Da,, f d9vAK(e,n,S,n) 


< 


3-DoL(/)c^/(p,r; 


^ /^PAR(em.Sm) {Dx{p,rnRo)) 


note that we are regarding Sm) ^ measure on Xn and are suppressing 

from the notation the isometric embeddings in Z. 

As Z is a Banach space, one can introduce a “filling map” Fill which fills frag¬ 
ments to curves (details are discussed in [CKS15, Sec. 7]). Using the Hausdorff 
topology on fragments one can introduce reparametrization maps {Rep„}„ which 
agree, up possibly to a translation, with the map {ResA^_a;}„. 

Let rx„ C Frag(X) denote the set of those [Cq, i4o]-biLipschitz fragments which 
intersect Bx{x, 2i?o7’n), and by rx„ C Fx„ the Borel subset of those 7 such that: 


(3-41) XBx„{x,Ro)'^PAR(e,n,S,n/r„) (R-ep„(7)) ^ 0. 


Then combining equations (7.60) and (7.66) in [CKS15, Sec. 7] with the definition 
of one arrives at the estimate: 


[ [ dQ{-/) 

Jx„ Jfx„ 


r^go (FilloRep„)( 7 ) 


(3.42) 


X (/ o (Fill o Rep„)( 7 ))' xbx„(x,Ro) (Fill o Rep„( 7 )) 
^ llff ||oo7?oL(/) ^O(em) + ^(Co, L^o)£^m 


X c^>{p,r^^)p'{Bx{p, 2rnRo)) 


Note that by using the property of p' being asymptotically doubling one can find 
a uniform bound on c^/(p, r“^)/i'(i?x(p, 2 r„i?o)) which depends on i?o but not on 
n. Letting: 

(3.43) Qn = c^/(p,r“^)r„FilloRep„(7)u(3Lfx„ 

one can use the mass estimate (equation (7.71) in [CKS15, Sec. 7]) to show that 

Qn —>■ Qro by passing to a subsequence. By a diagonal argument (compare the 
proof of Lemma 7.78 in [CKS15, Sec. 7]) which involves Rq y' oo one can obtain a 
limit Qoo of the Qiig and an Alberti representation Aoo = [Qoc, !]■ To prove (3.32) 
it suffices to use the dehnition of the weak* topology for Radon measures by showing 
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that if ri is a closed subset of Curves(^) with all elements of il having their domain 
contained in a given bounded interval of R, and with sup^^^ L( 7 ) < oo, then the 
map: 

(3.44) n 9 7 i-A J g o 7(/o 7)'(i4>(7) 

is continuous. This reduces to the weak* continuity of the derivation dx G X(£^) 
on the real line [WeaOO]. □ 


Corollary 3.45. Let be a metric measure space with fi asymptotically dou¬ 

bling and assume that £(/i) is free on {dipi}fLi where each ipi is 1-Lipschitz, and 
let 4> = Then for p,-a.e. x and for each {Y,i/,y,'^) G Bw-up(X, cc, 4)) 

the following holds: 


(FormBlowl): The submodule of £,{v) generated by the (where 

{V’Jili = is free; 

(FormBlow2): For each a G there is an Alberti representation [Qa, 1] of 
V, where Qa is concentrated on the set of unit-speed lines of Y satisfying: 


N 


(3.46) '^ai{ipiO-f{t)-ipiO'f{s)) = 


N 


aidipi{x) 


{t — s) (Vt > s); 


EM 


(FormBlow3): Moreover, if{X,pL) is a differentiability space, one also has: 


(3.47) 


N 


y^aidipi{a 


2=1 


N 


N 


= Lip ^ a^(p^ (x) = L(^ a^^|Ji). 


E(fi) 


^2=1 


2=1 


Proof. Stepl: Blowing-up a single function /. 

Assume that / is 1-Lipschitz with df ^ 0 /r-a.e.; by Theorem 2.29, for each 
n, fjL admits a (1,1-1- i)-biLipschitz Alberti representation An with / speed > 
\df\ —1/n; note also that \df\^^^^ is necessarily an upper bound onthe/-speed of 
any Alberti representation. We use Theorem 3.30 to find a /r-full measure subset U 
where one can blow-up each An and on which |c(/’|g(^) is approximately continuous. 
For a Lebesgue point x of U let (Y, u, y, { 5 }) G Bw-up(Al, p, x, {/}), and denote by 
An ,00 = [Qn, 1] the corresponding blow-up of An- Then Qn is concentrated on the 
set of lines in Y with constant speed in [1,1 -I- 1/n] and which satisfy: 


(3.48) 

gilit)) - gilis)) G 


\df{x)\ 


£(m) 


1 


{t “ (^1 + “j \dfix)\£M i* - s) 

(Vt > s). 

By a compactness argument one obtains an Alberti representation Aoo = [Qoojl] 
of iz where Qoo is concentrated on the set of unit speed lines of Y satisfying: 

(3.49) 5(7(i))- 5 ( 7 ( 5 )) = M/(a^)le(^) (i-s) (Vt > s). 

Step 2: Approximation by rational combinations. 


We apply Step 1 to each function 
that X is an approximate continuity point of each map: 




and one also assumes 


(3.50) 


X 1-9 


N 


aidipi[x) 


[a G 




£(m) 
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To obtain (FBlowl), (FBlow2) one then uses the fact that is dense in 
and the linearity of blow-ups, i.e. that the blow-up of 

(FBlow3) follows from the quantitative characterization of differentiability spaces 
((Schioppa) in Theorem 2.36) and from the fact that given a Lipschtiz function 
/, at jjL-a.e. x any blow-up of / at x has Lipschitz constant at most Lip/(x). □ 

4. A LOCAL APPROACH TO FAIL DIFFERENTIABILITY 

In this section we discuss a methodology for the gluing part of the argument. 
Even though we end up using “cubical” tiles in Section 5, other geometries for tiles 
might be helpful in deducing other properties of blow-ups. The following theorem 
summarizes sufficient conditions to show that a metric measure space is not a 
differentiability space; we follow an approach motivated by Weaver derivations; for 
the proof see [Schl3, Sec. 5.3] (or [Batl5] for an approach via charts). 

Theorem 4.1. Let be a metric measure space with fi{X) = 1. Assume that 

for some (ovar, L) G (0, oo)^ for each e > 0 there is an L-Lipschitz function fg such 
that: 

(SmDiff): p. G AT : |c(/'e(x)|£(^) > < e; 

(PosVar): There is a Borel set Avar C X with fi{X \ Avar) < £7 cind such 
that for each x G Avar there is an Xvar = Xvar{x) satisfying: 

(4.2) d(x,Xvar) G (0,e] 

(4.3) \f^(^x) feiXvar^l ^ CIvard(x, Xvar)- 
Then (A, fi) is not a differentiability space. 

Definition 4.4 (Tiles). Let [L, Ovar, ^grad, eioss, r) G (0, 00 )®; an [L, Ovar, Egrad, eioss, r 
tile at X is a pair (5'x, fx) such that: 

(Tl): Sx is closed, Sx C B{x,r) and diam^x t; 

(T2): p{Sx) >L p{B{x,r))\ 

(T3): fx is L-Lipschitz and for each p € Sx one has: 

(4.5) \fx{p)\<Ld{p,S:y, 

(T4): p[{p€Sx ■ M/a;(L)l£(^) ^ Egradj’^ S: SlossP-iSx)] 

(T5): There is a Borel set Sx,va.r C Sx such that p{Sx \ <S'a;,var) < £ioss/i(5'x) 
and for each y G Sx,vaT there is a yvar = Vvariv) such that: 

(4.6) d(y,i/var) G (0, s:ioss] 

(4.7) \fxiy) /x(2/var)| ^ Q:vard(2/, I/var). 

Theorem 4.8. Let (A,/r) be a complete metric measure space with p{X) = 1, and 
such that the Vitali Covering Lemma holds for p. Assume that there are constants 
(L, ttvar, Egrad, Eioss) G (0, oo)"' such that for p-a.c. X G A there is a sequence of 
scales {vn = rn{x) \ 0}^ such that for each n there is an [L, Ovar, Egrad, Eiossj Tnj- 
tile at X. Then the assumption of Theorem 4-1 holds with L replaced by 2L, with 
ctva .1 replaced by ava.il'^, and with e = max(egrad, Eioss)- 

Proof. By (Tl), (T2) tiles are closed and comparable to balls in measure and 
shape; thus by the Vitali Covering Lemma we can find tiles {(S'xi, fxi)}i such that 
the sets are pairwise disjoint and y(A \ IJ- Sx^) = 0. We let / = fxi on each 

Sx, and / = 0 on A \ Ui -5'xi • 
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Step 1; /is 2L-Lipschitz. 

We will use (T3) to compare values of / at points belonging to different tiles. 
If a;, y G Sx^ we have: 

(4.9) \f{x) - f{y)\ = \fxi{x) - fx,{y)\ < Ld{x,y) 

because fxi is L-Lipschitz. If x G Sxi and y G Sx^ for i^j'- 

'd{x,S'x^) + d{y,Sl^) 

< 2Ld(x, y). 

If X G Sxi and 2 / G W \ (J^ Sxi we have: 

(4-11) |/(a:) - /(y)| = \fxi{x)\ < Ld{x,S^J < Ld{x,y). 

If x,2/ G 

(4.12) \f{x)-fiy)\=0. 

Step 2: (SmDiff) holds with e = maxjegrad, £ioss} • 

We will use (T4) on each tile. The exterior differential d is a local operator 
[WeaOO], i.e.: 

(4.13) df = dfxi y,\-Sxi-^.e. 

Thus: 

Ai (|x G X : |d/(a;)|£(^) > e|) < ^/i ({a^ € Sx, : M/x,(a:)le(^) > Egrad}) 

i 

£\ossy-{Sxi) 

i 

< e. 

Step 3: (PosVar) holds with replacing Ofvar ■ 

We will use (T5) and the fact that / and Jxi vanish on the boundary of each 
tile. Let War = Ui so that fi{X\X^ai) < £• Let y G Sxi,^„ and assume that 

the j/var corresponding to fxi and y is in Sxi- Then: 

(4.15) \f{y) - /(2/var)| > \ fxi{y) - fxi{ywa.r)\ > avard(y, 2/var). 

If War does not lie in Sxi we conclude that: 

(4.16) |/(y)| = \ fxi{y) - /xi(2/var)| > Q:vard(y,2/var) > avard(y, 

We then choose y G dSx^ such that: 

(4.17) d{y, y) < min {2d{y, S'^J, d{y, ?/var)) , 
so that we have: 


(A ml 


\f{x) - fiy)\ < \fxiix)\ + \fxjiy)\ < L 


(4.18) 


\f{y)-f{y)\ = \fxM\>^d{y,y) 

d{y,y) < £ioss < £• 


□ 
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5. Blow-ups of differentiability spaces 

5.1. Blow-ups of differentiability spaces are differentiability spaces. 

Theorem 5.1. Let be a complete doubling metric measure space and assume 

that for p-a.e. p there is some lY,v,q) S Bw-up(X,/i,p) which is not a differentia¬ 
bility space. Then {X, /i) is not a differentiability space. 

Proof. In the following we will assume that fJ,{X) = 1. By Theorems 4.1, 4.8 it 
suffices to show that at /i-a.e. point p there is a sequence of “bad tiles” satisfying 
the assumption of Theorem 4.8. 

Step 1; Choice of Christ’s cubes. 

In (X, ff) we choose a set of Christ’s dyadic cubes [Chr90, HK12] Q using the 
scales {2“"}„. The properties of Q that we will use are: 

(Cubel): Cubes are open and there are constants Cann > 1 and /3ann > 0 
such that for r £ (0,1) and Q £ Q the “annulus” 

(5.2) (5(r) = {p £ Q : d(p,(3“) < rdiamQ} 
satisfies: 

(5.3) /r(Q(r)) < C'a„„T^“"p((5)- 

(Cube2): There is a fcann > 1 such that each ball B{p,r/2), where r £ 
[2“”,2“"+^], contains a cube Q of generation fcann + n and the measures 
pt{Q) and p.(B{p,r)) are uniformly comparable. 

In the following, we will only consider blow-ups at points p G X where the conclu¬ 
sion of Theorem 3.18 holds. 

Step 2: Uniformizing a bad function. 

We now consider some (y,u, g) £ Bw-up(X, p,p) which is not a differentiability 
space. Note that u is doubling with doubling constant bounded by C)), being 
the doubling constant of /i. Thus, the index of the module X(u) is bounded by 
[log 2 C'))]. We fix the parameter etan.i G (0,1) and use the argument of Lemma 
4.17 in [Schl3] to show that there are a Borel subset ^ndiff C Y with u(5'ndiff) > 0 
and a Lipschitz function / : F —>■ M such that: 

(5.4) Lip/(a:) £ [1,2] (Vcc £ 5'„diff) 

(5.5) M/(a:)|e(^) < etanT (Vt £ S'ndis)- 

We choose a point q that is a Lebesgue density point q of ^ndiff, and an approximate 
continuity point of Lip/ and \df\^(^^y By shifting the basepoint q and rescaling 
(F, u, q) and /, we can assume that: 

(BadFl): ^ndiff C Byiq, 2) and u (By (g, 2) \ ^ndiff) < Etan.i; 

(BadF2): The Lipschitz constant of the restriction of / to ^ndiff is at most 

3; 

(BadF3): For u-a.e. x £ Bndiff there is a sequence Seq(a:) = {xn} C 5'ndiff\{a:} 
converging to x such that / witnesses at a: a definite amount of variation 
at scale d(x, x„): 

(5.6) lf(x) - f(Xn)l > (1 - etan,l)d(x,Xn) > 0. 

We now use MacShane’s Lemma to extend /jBndiff to a 3-Lipschitz function / : 
F —>■ M. Note that (BadF3) and (5.5) remain valid replacing / with /. In the 
following we will write / for /. 
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Step 3; Truncating the function /. 

Fix parameters Tann G (0,1) and Tcut S (0,Tann)- We fix S N and let 

(5.7) a e [0,1) n 
we let: 

(5.8) '0a(-) = d + , 

which is a 1-Lipschitz function. Using the pigeonhole principle (see [Batl2, Lemma 
4.1] for details) we can find a value of a and a Borel set S'var C S'ndiff such that: 

(5.9) (S'ndiff \ Svar) < ^l^(Sndiff) < ^l^(.By(g, 2)), 

such that for each x G Sndiff there is a sequence Seq(a:) C Byiq, 2) \ {a:} converging 
to X such that, similarly as in (BadF3), one has: 

(5.10) \lpa O f{x) -IpaO f{Xn)\ > (1 “ etan,l)d(a:, Xn) > 0. 


Now note that the normalization 


(5.11) 
implies 

(5.12) 

and thus (5.9) leads to: 


(5.13) 

Finally, note that: 


(5.14) 


iByiq,!) 


(1 — d{p, x)) dv{x) 


= 1 


SCI 

(Sndiff \ Svar) < ■ 


llV'a O/Iloo < ^ 

|d(V’a o/)Ie(^) < • 


We now fix a parameter etan ,2 > £tan,i and choose N so that: 

(BadCl): v{B{q, 2) \ Svar) < etan ,2 and ||'0a o f\\^ < Tcuu 
(BadC2): For each x G S^ar there is a sequence Seq(a;) = {Sn} converging 
to X such that 


(5.15) I'i/ia O f{x) -tpaO f{Xn)\ > (1 “ £tan. 2 )d{x, a:„) > 0; 

(BadC3): For each x G Svar we have |d(V'a o /)(^)l£(i/) ^ £tan, 2 - 

In the following we will write / for ipa ° f- 
Step 4: Arranging convergence in i°°. 

We now choose a sequence of rescalings A„ ^ oo realizing (Y, v, q), i.e.: 

(5.16) (A„X = X„,/i„,p) (r,z.,g); 

we can choose the convergence to take place in the container (£°°, 0 ), and we will 
require that all basepoints map to 0 , but we will still distinguish them in the 
notation, i.e. we will denote the basepoint of by We now fix the parameter 
fftan .3 > £tan. 2 - Then we can find i?var G (0, Tcut) and a compact set Kuan C Byiq, 2) 
such that: 
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(Haul): 

(5.17) 
(Hau2): 

(5.18) 


v{BYiq, 2) \ i^Hau) < etan.3 and for each x € /^Hau one has 

— ^tan,3i 

For each x G i^Tnau there is an Xvar = Xvar(x) satisfying: 
/(^var)l ^ (f i^tan,3)i^('^; i^var) 
d(x,Xvar) G (i? var ; Tcut)- 


Note that by MacShane’s Lemma we can assume / to be extended to a 3-Lipschitz 
map f : l°° —)■ R. 

Step 5: Using the approximation scheme. 

We fix the parameter ecut G (0, etan,37?var/2). Because of (Haul) we can apply 
the Approximation Scheme Theorem 2.28 and find a function / : (°° -G K. which is 
3-Lipschitz, a compact set ATapp C ATnau, and an open set U D ATapp such that the 
following holds: 

(Appl): 11/ /||oo ^ S'cut and u(A"h au \ -^app) ^ ^cuti 

(App2): U is an open set of contained in the closed Ecut-neighbourhood 
(Alapp, Ecut) I^f AlappJ 

(App3): For each ball B C U the restriction /|i? has Lipschitz constant 
^ i^cut T i^tan,3- 


As U is open and u we have by the properties of the weak* topology and 

the choice of basepoints that for n sufficiently large: 

(5.19) 

/ - dx^{Pn,x)) dfin{x) > / {1 - dy {q,x)) dl^{x) - Sent- 

JunB,oc(o.i) JunBiaa(o.i) 


'c/nBfoo(o.i) 

We thus obtain: 


(5.20) 


'C/nB«oo(o,i) 


unB^oo(o.i) 

{1 - dx^{Pn,x)) dpn{x) > / {1 - dY{q,x)) di^{x) 

dB«=o(0,l) 

1 ) \ Alapp) Ecut 


> 1 - (et an,3 “b 2Ecut)j 


moreover, as on B^^ (0,1/2) fl A„ = Bx„{Pm 1/2) we have that 1 — dx^{pn, •) is at 
least 1/2, we conclude that: 

(5.21) Pn (bx„ (^Pn, 2(e tan,3 “b 2Ecut). 

Now for a: G 17 n Bx^ {pn, 1) we have: 


(5.22) 

Moreover, we have: 

(5.23) 


df{x) 


^ £^cut “b Etan,3. 

£(l*n) 


^ Ecut ~b Tcut j 


and for x G Aapp we can find Xvar satisfying (5.18). 

Step 6: Lifting the variation. 

We now choose a parameter Edens > 0 and a finite Edens-net N in Aapp nBy (g, 1). 
For each a; G N we can find Xvar(x) G BY(q,2) satisfying (5.18). We can thus 
construct the finite set: 


(5.24) 


Nvar — {2:var(a;)}„,gj^ 
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and find a map F : N —?► Jsfvar which associates Xvar(ic) to x. Using (3.3), for n 
sufficiently large, we can find a finite set 

(5.25) c t/nBx„(Pn, 1+Edens) 

of the same cardinality as and a bijection J„ : IN' —iUn such that: 

(5.26) d(dyi(x),x) Edens- 
Similarly, for n sufficiently large, we can also find a finite set 

(5.27) ^ra,var C U D Bx„ {Pn, 2 + £dens) 

of the same cardinality as IMvar and a bijection J„_var : ^var ^n.var such that: 

(5.28) d(J„ 

,var(^);^) ^dens- 

We finally let Vn = J„,var o U o For y G U Cl Bx^{pn, 1) we can find x S 
such that: 


(5.29) d(jj^ — f^(Ecut 5 Edens) ; 

using that / is 3-Lipschitz we obtain: 


(5.30) 


fiy) - f{Vn{x)) = /(J„^(x))-/(Uo J„l(x)) +0(ecut, Edens); 


using the properties of V we also conclude that: 

(5.31) d{y,Vn{x)) = d{J~^{x),V O J“l(a:)) + 0(£cut, Edens)- 


Note that the constants hidden in the O(-) notation in (5.29)-(5.31) do not depend 
on n. As the parameters £cut and Edens are chosen after Avar and etan. 3 , one can 
choose them sufficiently small so that: 


(5.32) 


/(y) - f{Vn{x)) 


>(1 


Etan,3)E^(y; Ui(^)) 


d{y,Vn{x)) € (A var /2,2rcut)- 


Step 7: Constructing the tiles. 

Let Q G Q he a, dyadic cube of generation = [log 2 A„J + fcann contained in 
Bx„ (Pn, 1 /2). For the moment we will compute distances using the rescaled metric. 
The cube Q will be used to construct the tile. Specifically, recall that Q is open 
and consider a parameter Tann G (0,1/8) to be chosen later. The set Q that we 
will use for the tile will be the closure in Xn oi Q\ Q(Tann)- Now (Cubel) and 
(Cube2) imply that there is a uniform constant C such that: 

diamQ ~c diamQ ~c 

(5.33) 

Pn{Q) ~Cyn(Q) dn{BXn{Pn: 


this will give (Tl) and (T2). Consider (3(rann) and a °°‘* -Lipschitz function 
tpQ which takes values in [0,1] and such that: 


(5.34) 


V'Q 


1 on Q \ t/(2Tann) 
0 on 


/^O^ann ^ 

\iPq{x)\ < - d{x,Q‘'). 
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Let h = V'q/; using equation (5.23) we conclude that h has Lipschitz constant at 
most 

/^ofeann 

(5-35) 3H-(Tcut+Ecut)- 

^ann 

As the parameters Tcut and Ecut are chosen after fcann and Tann have been determined, 
we can choose them small enough to ensure that h is 4-Lipschitz. We then also 
have: 

(5.36) |/i(a:)| < - (tcui + ecut)d(ai, Q"") <M{x,Q^). 

"^ann 

The function h will be the function that we use to construct the tile. Now (T3) 
follows from (5.35), (5.36). We now let: 

(5.37) Qndiff = Q\ <3(2rann + SPcut) H [/ C Q C Bx„{pn, 1/2); 
we then have, using (Cubel) and minding (5.21): 

Pn{Q \ Qndiff) ^ /^n(Q( 2 Tann “t” 2 Tcat)) “t” Pn{Bx^{Pm 1 / 2 ) \ H) 

(5.38) ^ ^ann( 2 Tann + 2rcut)^“>n(Q) + finiBxAPn, 1/2) \ U) 

< Cann C'( 2 Tann + 2 Tcut)'^“>n(Q) + 2 (Et an, 3 “b 2 Ecut)- 

As the parameters on the right hand side of (5.38) are chosen after Step 1 , given 
a fixed eioss > 0 we chan choose those parameters so that: 

(5.39) Pni^Q \ l^ndiff) ^ i^IossMn (Q)• 

Now, if X G Qndiff, the function h is (ecut + £tan, 3 )-Lipschitz in a neighbourhood of 
X and hence: 


(5.40) |(i/l(x) I ^ (EcuI T ^tan,3)- 

Given Egrad we can choose Ecut and Etan .3 so that their sum is < Egrad; this gives 
(T4). Also, given x G Qndiff we can find by (5.32) a point y £ Q \ Q(Tann) C Q 
such that: 

|^(a:) -/i(2/)| > (1 - 2Etan,3)d(a:, y) > 0 

d(x,y) <2Tcut. 

Choosing Tcut sufficiently small we can ensure that 

(5.42) d{x,y) < eioss- 


Finally, choosing Etan ,3 sufficiently small we can also ensure that: 

(5.43) 1 - 2Etan.3 > 

thus (5.41)-(5.43) give (T5). Rescaling h back to X (i.e. h i-A A“^h), we conclude 
that (Q, h) is an: 


(5.44) 


max(C', 5), - , Egrad, G OSS ; 



-tile 


at p. 


□ 
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5.2. Independence of the p-weak gradient on p. 

Definition 5.45. Let / C K be a nondegenerate closed interval and A/ : R ^ R 
the unique orientation-preserving affine map which maps [0,1] onto I. For e > 0 
let: 

(5.46) Slide(/, e) = {76 Curves(X) : Vt G [0,e] t -I- / C dom 7 } ; 
let: 


(5.47) Slide/,e : Slide(/, e) x [0,£] —>■ Curves(X, [0,1]) 
be the map such that: 

(5.48) Slide/, e( 7 , t){s) = 7 (A/(s) -h t). 


Lemma 5.49 (Test plan associated with an Alberti representation). Let A = [Q, 1] 
be an Alberti representation of a measure v sueh that for some (7^ > 0 one has 
V < Cvp. Assume that for some elosed interval I, e > 0 and Cq > 0 the measure 
Q is concentrated on the set of Ca-Lipschitz curves in Slide(/, £:). Assuming that Q 
is a probability measure, we can associate to A a probability tt on Curves(Ai; [0,1]) 
by: 

(5.50) TT = Slide/,x l [0, e] 

Then for any q G [l,oo), tt defines a q-test plan. 


Proof. Note that for Q-a.e. 7 one has that md 7 < Co holds L dom 7 -a.e. Now 
the derivative of Aj is C^{I) and so for 7 r-a.e. 7 one has that md 7 < Co£^{I) holds 
L dom 7 -a.e.; one thus gets: 


(5.51) J d7r(7) J {uid ^ (t))'^ dt < {Co{I)y , 

which gives (2.43). Let be a nonnegative continuous function of X; then: 

I ipdEvt^TT = J ipi^it)) d7r(7) = J dQ{j)^ J p {'^{Ai{t) + s)) ds 


(5.52) 


1 


a 


< — / ipdiz < — / pdpL, 


which establishes (2.44). 


□ 


Definition 5.53 (Regular Alberti representation). An Alberti representation [Q, 1] 
is regular if Q is concentrated on the set of unit-speed geodesic lines of X. Here 
we think of unit-speed geodesic lines as maps 7 : R —?► X, and so they have infinite 
length. 


Lemma 5.54. Let [Q, 1] be a regular Alberti-representation of p and {x,r) G X x 
( 0 ,oo); then: 

(5.55) Q ({7 : 7 ~^ {B{x, r)) 7 ^ 0}) < ^ . 

Proof. It suffices to observe that if 7 is a unit-speed geodesic line in X then 
7 “^ {B{x, r)) ^ 0 implies: 

(5.56) ( 7 “^ {B{x,2r))) > r. 

□ 
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Definition 5.57. A differentiability space (AT,/i) is regular if: 

(Regl): The measure /r is doubling and there is a unique differentiability 
chart (AT, $ = such that $ : A1 R” is 1-Lipschitz; 

(Reg2): The local norm | • le(;i) is constant; 

(Reg3): For each vector v € (note that we can canonically identify a 

vector in the measurable tangent bundle with a derivation, as the chart is 
global) with |u|x(;i) = 1 there is an Alberti representation [Qy, 1 ] of /i where 
Qy is concentrated on the set of unit-speed lines 7 in Ai satisfying: 

(5.58) ($ o 7 )' = V. 

Lemma 5.59 (Iterated blow-ups are regular). Let (X,^) be a differentiability 
space. Then for fi-a.e. x there is an integer N{x) such that, whenever {Y,v,y) S 
Bw-up(Ai, /i, x), up to passing to at most N(x) iterated blow-ups, i.e. up to replacing 
(Y,iy,y) with {Yi,vi,yi) where: 

(Fi,Uj,i/j) G Bw-up(Fi_i,Uj_i,yi_i) l<i<l<N{x) 

(Ao,uo,yo) = (^,i^,y), 

one can assume that (Y, v, y) is a regular differentiability space. The integer N{x) 
satisfies: 

(5.61) N{x) < [log 2 C'^(x)J, 

where Cfj,{x) is the asymptotically doubling constant of p at X. In particular ,if X 
has finite Assoaud dimension N, then 

(5.62) N{x) < N. 

Proof. At /i-a.e. x the conclusion of Theorem 3.18 holds, and each {Y,v,y) G 
Bw-up(X,/i, x) is a differentiability space. Now by (IndBound) in Theorem 2.26 
the index of X(u) is uniformly bounded by some N{x) which satisfies (5.61), (5.62). 
Thus in passing to iterated blow-ups as in (5.60), the differentiability dimension can 
increase at most N{x) times. If I is the smallest integer such that in passing from 
(!)_!, 2 //_i) to (Yi, vi,yi) the differentiability dimension does not increase, then 

{Yi,vi,yi) is regular by Theorem 3.30 (compare also [CKS15]). □ 

Theorem 5.63 (The p-weak gradient does not depend onp). Let {X, p) be a regular 
differentiability space and f a Lipschitz function on X; then for any p G (1, 00); 


(5.64) 


l^/lp.w = Lip/ M-a.e. 


Proof. Step 1; Uniformization. 

Let p be a p-weak upper gradient of / and let Acont denote the set of differen¬ 
tiability points of / and of approximate continuity points oi df, g and Lip/. We 
fix X G Acont and choose the parameter £cont > 0. Up to rescaling / and g we can 
assume that: 

(5.65) M/(a;)le(^) = Lip/(x) = 1. 

We let V G X(p) be a unit vector where df{x) attains the norm and let: 

(5.66) Aa; = G Acont : \df(y) - df{x)\ < econt and \g(y) - p(x)| < Econt 

Note that for r sufficiently small we can assume: 

(5.67) p {B{x, r) \ A^,) < CcontM {B{x, r)). 
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Step 2; Construction of a g-test plan. 

Let q be the dual exponent of p. Let [Q, 1] be an Alberti representation of p as 
in the definition of a regular differentiability space where we use the unit vector v. 
Let 


(5.68) 


Tx,r = I 7 is a unit speed line with 7 ^{B{x,r)) ^ 0 


letting Qx,r = Q\-^x,r we have by Lemma 5.54: 


(5.69) 


IIQ.,r|| < 


Let Px,r be the measure corresponding to the Alberti representation [Qx,r^ 1] and 
note that: 


(5.70) 


Px,r ^ P 

dpx, 


dp 


= 1 on B{x, r). 


(5.73) 


We now let: 

(5.71) Lshort = I 7 is a unit speed line with n B{x,r)) < Eshort?' |; 

we then obtain the estimates: 

(5.72) px,r {Ax n B{x, r)) > (1 - Econt)^ iB{x, r)) 

P'x,r{AxnB{x,r)) < ( {'^~'^{AxnB{x,r))) dQxAl) 

'^Tshort 

+ [ {l~^{Axri B{x,r))) dQx,r{'r) 

•^^short 

^ '^short‘^||Qa:,r II 

+ f {j~^{AxnB{x,r))) dQx,r{'r) 

/pc 

short 

< eshortp{B{x,2r)) 

+ f {'r~^{AxnB{x,r))) dQx,r{"/); 

J T'C 
^ short 

combining (5.72), (5.73) we conclude that for Eshort sufficiently small: 

(5.74) [ {l~^{Ax n B{x, r))) dQx,r{l) > 0. 

f T'C 
^ short 

Using a measurable selection principle (see [Kec95, Chap. 18]) we can find an Alberti 
representation [Qa^, 1 ] of a measure v p such that: 

(Testl): Qa^ is a finite Radon measure, ^ < 1; 

(Test2): For QA^-a.e. 7 , letting / = [0,3r] we have for each t G [0,r]: 

I + t C dom7 

( 7 "^ {Ax n B{x, r)) n (/ + t)) > 0; 

(Tests): Qa^-b-b. 7 is a unit-speed geodesic segment of length at most 6 r. 




THE Lip-lip EQUALITY IS STABLE UNDER BLOW-UP 
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Using Lemma 5.49 (and setting e = r) we can associate to 1|, 1] a q-test 

plan TT. 

Step 3: Applying Lebesgue’s differentiation along curves. 

As g G LP{g,), conditions (Testl)-(Test3) imply that for 7 r-a.e. 7 there is a 
nondegenerate interval Jj C dom 7 such that g o 7 g l J-y) and meets 

in positive Lebesgue measure. Moreover, for 7 r-a.e. 7 for each (a, 6 ) C 
we also have that: 

I'b 

(5.76) \foj{b)-foj{b)\< gojdC^- 

J a 

if to G J-y is an interior point of J-y, a differentiability point of / 07 , and a Lebesgue 
point of 7 “^( 2 la;), applying Lebesgue’s differentiation at to we obtain: 

(5-77) 5(7(to)) > (d/(7(to)),u), 

which implies 

(5.78) g{x) > 1 - 2£cont- 

□ 

Remark 5.79. Theorem 5.63 has a counterpart in the category of functions of 
bounded variations; i.e. one can show that in a regular differentiability space the 
total variation measure of a Lipschitz function / coincides with Lip/-//; we omit 
the details because they are mainly technical and do not add much mathematical 
substance to the paper. 
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